We study gravitational waves with torsion as exact vacuum solutions of threedimensional gravity with propagating torsion. The new solutions are a natural generalization of the plane-fronted gravitational waves in general relativity with a cosmological constant, in the presence of matter.
Introduction
Investigations of three-dimensional (3D) gravity have had an important influence on our understanding of both classical and quantum aspects of the realistic gravitational dynamics. In this context, the traditional approach based on general relativity has led to a number of outstanding results [1] . However, in the early 1990s, Mielke and Baekler [2] initiated a new approach to 3D gravity, relying on a modern field-theoretic formulation of gravity, the Poincaré gauge theory (PGT), proposed in the early 1960s by Kibble and Sciama [3, 4, 5, 6] . Compared to general relativity, dynamical structure of PGT is extended by using both the curvature and the torsion to describe the associated Riemann-Cartan (RC) geometry of spacetime.
The Mielke-Baekler model, like Einstein's general relativity, is a topological theory without propagating degrees of freedom. In PGT, such an unrealistic feature of the gravitational dynamics can be naturally improved by going over to a Lagrangian that is at most quadratic in torsion and curvature (quadratic PGT). Recent investigations reveal elements that indicate a rich dynamical structure of the quadratic PGT [7, 8, 9, 10] : the theory possesses a number of propagating torsion modes (tordions) and black hole solution, its (A)dS sector is characterized by well-defined conserved charges and central charges, the existence of torsion is compatible with the AdS/CFT correspondence, and the canonical structure shows a close resemblance with the four-dimensional theory.
In the present paper, we continue studying dynamical aspects of the quadratic PGT in 3D by looking for exact wave solutions with torsion. The weak-field approximation of Einstein's theory around the Minkowski background leads to a simple picture of the wave nature of gravity, which is recognized to have a striking analogy to the electromagnetic phenomena [11, 12] . By giving a covariant formulation of this analogy, one can generalize the linearized gravitational wave to the concept of an exact wave solution of general relativity [13, 14, 15] . Here, in the context of the quadratic PGT, such generalizations are used to find a class of exact wave solutions with torsion.
A gravitational wave with torsion in 3D was first found by Obukhov [16] , in the framework of the Mielke-Baekler model [2] . Since the model is defined by a topological action, it was necessary to introduce matter, chosen in the form of Maxwell field, to have a nontrivial wave solution. On the other hand, our wave solution, being an exact vacuum solution of the quadratic PGT, offers a new insight into the wave structure of genuine gravitational degrees of freedom, the propagating torsion modes.
The paper is organized as follows. In section 2, we give an overview of the planefronted gravitational waves in general relativity without/with gravitational constant, denoted shortly as GR/GR Λ , as a basis for further extension to torsion waves in the quadratic PGT. In section 3, we start with the GR Λ form of the metric and introduce a convenient ansatz for the RC connection, or equivalently, for the torsion. The only irreducible component of torsion is taken to be its tensorial piece, parametrized by a single function K. Then, we find the PGT field equations that impose dynamical restrictions on K. A characteristic parameter appearing in these equations is the mass parameter µ 2 , associated to the torsion spin-2 mode. In sections 4 and 5, we find a class of exact torsion waves and classify them according to the values of two parameters, µ 2 and λ, the latter one being related to the value of cosmological constant. In section 6, we discuss criteria that are used to recognize the wave nature of exact solutions and conclude with some specific remarks. Finally, two appendices contain a useful technical information.
Our conventions are the same as in Ref. [8] : the Latin indices (i, j, k, ...) refer to the local Lorentz frame, the Greek indices (µ, ν, ρ, ...) refer to the coordinate frame, and both run over 0,1,2; the metric components in the local Lorentz frame are η ij = (+, −, −); totally antisymmetric tensor ε ijk is normalized to ε 012 = 1; b i is the orthonormal triad (coframe 1-form), h i is the dual basis (frame), the Hodge dual of a form α is ⋆ α, and the exterior product of forms is implicit.
Plane-fronted waves in general relativity
In this section, we give a short account of the plane-fronted gravitational waves as exact solutions of Einstein's general relativity.
pp-waves in GR
A specific class of plane-fronted waves, characterized by having parallel rays (pp-waves for short), can be described, in suitable local coordinates, by the metric [13, 14, 15] 
where u is interpreted as the phase of the wave and ∂ v is the covariantly constant null vector field. This metric is a natural generalization of the linearized gravitational plane waves propagating on the background Minkowski spacetime [11, 12] . General criteria for identifying the wave nature of exact solutions will be discussed in section 6. The explicit form of H(u, y) in (2.1) can be determined by the GR field equations. Since the only nonvanishing component of the Ricci tensor is (Ric) uu = H ′′ /2 (prime means differentiation with respect to y) and the scalar curvature identically vanishes, R = 0, the vacuum field equations of GR imply
where α 1 , α 2 are the integration "constants". This solution is in fact trivial since for H ′′ = 0 the Ricci tensor vanishes and, in 3D, the full curvature tensor also vanishes. Hence, (2.2) defines a Minkowski spacetime in nonstandard coordinates.
Thus, in GR, nontrivial pp-waves can exist only in the presence of matter ; see, for instance [17, 18, 19] . Note, however, that true vacuum waves can exist also in new dynamical settings, such as Topologically massive gravity or New massive gravity [19, 20, 21] . The vacuum waves are an idealization of wave solutions in the region far from matter sources.
Plane-fronted waves in GR Λ
Now, we turn to a generalized dynamical framework of GR Λ by allowing a nonvanishing cosmological constant. The pp-wave (2.1) is not a vacuum solution of GR Λ . Indeed, the fact that R = 0 for the metric (2.1) implies Λ = 0. A plane-fronted wave that is compatible with Λ = 0 can be conveniently represented by the metric
see Ozsváth [22] and Obukhov [23] , where the functions p, q and S are chosen as [16] 
Clearly, the limit λ = 0 returns us back to the pp-wave (2.1). Introducing the ortonormal triad field as
the metric can be written as ds
. In the literature, one often uses the light-cone components of the triad:
In order to verify that that the triad (2.4) satisfies the GR Λ field equations,
we first calculate the Christofell connection; it has the form
or, more compactly:
Here, the first term,
, is the piece that describes the "background" (A)dS geometry of spacetime, whereas the second term is the radiation piece, characterized by the null vector k i = (1, −1, 0), k 2 = 0, which is not covariantly constant for λ = 0. Next, we calculate the curvature
where
Note that the radiation piece of R ij is clearly separated from the (A)dS piece. Finally, the form of the Ricci curvature (Ric
implies that the content of the field equations (2.5) is given by
The function H defines the vacuum solution for the metric (2.3). Since the on-shell value of the curvature is R ij = −λb i b j , the geometry of the solution (2.8) is fixed: for λ = 0, > 0, or < 0, it has the Minkowskian, AdS, or dS form, respectively.
Thus, again, in order for the plane-fronted wave (2.3) to be a nontrivial exact solution, one has to introduce matter. However, by going over to PGT, we expect the new gravitational dynamics to allow for the existence of true wave solutions even in vacuum.
Dynamics of torsion waves
In this section, we briefly recapitulate basic aspects of PGT, introduce a geometric extension of the Riemannian plane-fronted waves (2.3) to torsion waves, and discuss their dynamics.
Basic aspects of PGT
The PGT is a gauge theory of gravity based on gauging the Poincaré group, with an underlying Riemann-Cartan (RC) geometry of spacetime [4, 5, 6] . Basic gravitational variables are the triad field b i and the Lorentz connection A ij = −A ji (1-forms), and the corresponding field strengths are the torsion
Varying L G with respect to b i and A ij yields the respective gravitational field equations in vacuum [8] ,
, are the covariant field momenta, and
are the gravitational energy-momentum and spin currents. We require L G to be parity invariant and at most quadratic in the field strengths. In that case, H i and H ij can be expressed linearly in terms of the irreducible pieces of the field strengths (Appendix A),
where a 0 , a n and b n are coupling constants; moreover, the gravitational Lagrangian takes the form
and the gravitational energy-momentum and spin currents turn out to be
Geometry of the ansatz
In our search for the generalized plane-fronted waves, we assume that the form of the triad field (2.4) remains unchanged, whereas the connection is determined by the following rule:
Starting with the Riemannian connection (2.6), (i) we leave its first, (A)dS pieceΓ ij unchanged, (ii) but modify the second, radiation piece in a way that preserves the wave nature of the solution.
The instruction (ii) is realized by adopting the following ansatz for the RC connection:
Here, the new term K = K(u, y) describes the effect of torsion, as follows from
The only nonvanishing irreducible piece of T i is its tensorial piece (Appendix A):
Having chosen the form of the connection, one can now calculate the RC curvatures; they are obtained from (2.7) by the replacement S ′ → S ′ + K:
The nonvanishing irreducible components of the curvature R ij are (Appendix A)
and the quadratic curvature invariant has the form R ij * R ij = 6λ 2⋆ 1. The geometric configuration defined by the triad field (2.4) and the connection (3.3) represents a generalized gravitational plane-fronted wave of GR Λ , or the torsion wave for short. More details on its wave nature will be given in section 6.
Field equations
Having found the expressions for the torsion and the curvature, one can now calculate the covariant momenta H i , H ij , and the energy-momentum and spin currents E i , E ij , and obtain the explicit form of the PGT field equations (3.1). The result takes the following form [24] :
The second equation in (1ST ) defines a relation between the parameter λ of the solution and the coupling constants. For b 6 = 0, it takes a particularly simple form: a 0 λ = Λ. By noting that (2ND) can be rewritten as
one finds that the field equations (3.6) can be transformed to a more compact form:
with K := qK. In PGT, the spectrum of excitations around the Minkowski spacetime consists of 6 independent torsion modes: one scalar, one pseudoscalar, two spin-1 and two spin-2 states [7, 8] . Two spin-2 states form a parity invariant multiplet associated to the tensorial piece of the torsion, with equal masses: m 2 = a 0 (a 1 − a 0 )/(a 1 b 4 ). Since our ansatz (3.4) reduces torsion just to its tensorial piece, it is not surprising that for λ = 0, the coefficient µ 2 in (3.7) reduces exactly to m 2 . For λ = 0, µ 2 is associated to the spin-2 excitations around the (A)dS background, and the condition for the absence of tachions requires µ 2 ≥ 0. In what follows, we will solve two dynamical equations (3.7) for the unknown functions K and G, assuming µ 2 ≥ 0; then, we will use (3.3b) to find S. The torsion function K and the metric function S, obtained in this way, completely define the solution.
Massive torsion waves
In this section, we classify the solutions of the field equations (3.7) for µ 2 > 0, according to the values of λ.
λ = 0
The simplest form of equations (3.7) is obtained in the limit λ → 0:
with G = S ′ + K and S = H/2. The solution has a simple form:
Disregarding the integration"constants" h 1 and h 2 , the metric and the torsion functions, H and K, become both periodic in y.
The vector field k = ∂ v is the Killing vector for both the metric and the torsion; moreover, it is a null and covariantly constant vector field. This allows us to consider the solution (4.2) as a generalized pp-wave.
λ > 0
For positive λ, we use the notation
so that dy = 2ℓ dx. Now, having in mind the form of the solution (4.2) for λ = 0, we use a similar ansatz for the torsion function K ≡ qK:
where A = A(u), B = B(u). Substituting this into (2ND) of (3.7) produces two conditions on α:
The first condition yields
wheras the second one is automatically satisfied. In the limit λ → 0, we have α → κx = my, and (4.3) reduces to (4.2).
In the next step, we use (4.3) and (1ST ) to calculate G:
where D = C 0 κ 2 /(κ 2 − 4). Finally, integrating the relation S ′ = (p/q 2 )G − K yields the metric function H. Using the definition
we find:
where 2 F 1 (a, b; c; z) is the hypergeometric function [24] . In these formulas, all the integration "constants" are ignored.
In order to illustrate the form of the torsion wave, we display here the plots of the torsion function (q 2 /p)K(u, y) and the curvature function pG ′ (u, y)/2, for a specific choice of the parameters ℓ, κ, and for fixed amplitudes A(u) and B(u). 
λ < 0
In this case, we use the notation
and find that the torsion function K is given by
Here, α(x) is singular at x = 1, but for λ → 0, it has the expected limit: α → κx = my. Then, following the same steps as in the previous subsection, we can first calculate G,
where E = C 0 κ 2 /(κ 2 + 4), and then find the metric function H: This solution can be obtained from the one for λ > 0 by the analytic continuation in ℓ:
For the asymptotic behavior of both massive and massless torsion waves, see section 6 and Appendix B.
Massless torsion waves
For µ 2 = 0, we have a 1 − a 0 − b 6 λ = 0 and the field equations (3.7) are simplified:
λ = 0
For vanishing λ, the field equations with C 0 = 1 take the form:
so that
This is a rather strange solution: since the metric function H is trivial, the metric takes the Minkowski form and consequently, it is dynamically decoupled from the torsion.
λ > 0
For the positive cosmological constant, with λ := 1/ℓ 2 and x = y/2ℓ, the solution reads:
where Li 2 (z) is the dilogarithm function [24] . The solution is illustrated in Fig. 2 . 
λ < 0
Finally, for λ := −1/ℓ 2 , one finds:
6 Discussion and conclusions
In this paper, we derived a new class of exact solutions of 3D gravity with propagating torsion in empty spacetime, the generalized plane-fronted waves, or the torsion waves. The wave ansatz for the metric (2.4) and the RC connection (3.3) represents a natural generalization of the Riemannian plane-fronted waves with cosmological constant. However, a covariant characterization of the wave nature of an exact solution is a rather complex issue [13, 14, 15] , which has not been fully clarified for non-Riemannian theories of gravity; for an attempt in this direction, see [25] .
The existence of the null covector k i = (1, 1, 0), appearing already in the RC connection (3.3), is an essential element of the geometric structure of a gravitational wave. It can be represented as the 1-form k i b i = √ 2du, associated to the wave fronts u = const. The related vector field k i ∂ i = √ 2∂ v is orthogonal to the y direction; moreover, for λ = 0, k i is covariantly constant (pp-wave).
Based on an analogy with the electromagnetism, Lichnerowicz proposed a covariant criterion for the existence of gravitational waves in general relativity, see [14] . After separating the radiation piece of the RC curvature (3.5), S ij := R ij + 2λb i b j , one can verify that it satisfies Lichnerowicz's requirements:
Clearly, the above criterion is not sufficient for a RC geometry, where we have one more field strength, the torsion. However, in analogy with electromagnetism, the radiation conditions for torsion are expected to have the form
A direct verification based on (3.4) shows that these conditions are also satisfied. The radiation properties (6.1) and (6.2) strongly support the interpretation of our generalized plane-fronted wave as a genuine PGT extension of the related Riemannian structure. One should also note that our RC curvature has the same irreducible components as the corresponding Riemannian curvature, and moreover, it has all the usual index symmetries of the Riemannian curvature; in particular, R ijmn = R mnij . The same properties were found by Pašić and Vassiliev [26] in their pp-wave with torsion, constructed in the model with metric-compatible connection and curvature squared Lagrangian. The torsion of their solution is pure tensor, as in our case.
In electrodynamics and in general relativity, exact wave solutions are associated to massless modes of the related fields, so that the appearance of massive torsion waves may seem a bit strange. However, the existence of massive torsion modes is not in conflict with the gauge structure of PGT, it is a generic feature associated to the presence of T 2 terms in the Lagrangian. Massive waves appear also in some Riemannian extensions of GR, such as Topologically massive gravity or New massive gravity [19, 20, 21] .
Asymptotic properties of the torsion waves are defined by the large y limits of the torsion (3.4) and the RC curvature (3.5). As follows from the results of Appendix B, the generic asymptotic form of the torsion waves does not coincide with the (A)dS geometry.
Our study of exact torsion waves in 3D can be considered as a complement to the related results in four dimensions [25, 26, 27] . In particular, we wish to place emphasis on the results of Sippel and Goenner [25] , who made a significant progress in clarifying the structure of pp-waves with torsion: (i) they generalized the Ehlers-Kundt classification of pp-waves [13] by relaxing the assumption that the GR field equations hold, and (ii) they introduced a classification of the allowed form of torsion in pp-waves. Further advances in this direction would help us to better understand the role of torsion in exact wave solutions. Note that in 3D, the Weyl curvature vanishes.
B Asymptotic geometry
In this appendix, we calculate the large y limits of the expressions (q 2 /p)K and pG ′ /2; these limits define the respective asymptotic values of the torsion and the radiation piece of the curvature, characterizing the gravitational wave. The formulas for λ = 0 are omitted, as the related asymptotic behavior can be read off directly from the main text. 
